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Abstract. Using techniques due to Dwyer-Grcenlccs-Iyengar we construct weight structures in trian- 
gulated categories generated by compact objects. We apply our result to show that, for a dg category 
whose homology vanishes in negative degrees and is semi-simple in degree 0, each simple module over 
the homology lifts to a dg module which is unique up to isomorphism in the derived category. This 
allows us, in certain situations, to deduce the existence of a canonical f-structurc on the perfect derived 
category of a dg algebra. From this, we can obtain a bijection between hearts of f-structures and sets of 
so-called simple-minded objects for some dg algebras (including Ginzburg algebras associated to quivers 
with potentials). In three appendices, we elucidate the relation between Milnor colimits and homotopy 
colimits and clarify the construction of t-structures from sets of compact objects in triangulated cate- 
gories as well as the construction of a canonical weight structure on the unbonded derived category of 
a non positive dg category. 
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1. Introduction 

Finite-dimensional modules over an associative unital algebra may be described as built up from 
simple modules or as presented by projective modules. The interplay between these two descriptions is 
at the heart of the interpretation of Koszul duality for dg algebras (and categories) given in [18] , cf. also 
[T2] [13]. However, in order to apply this theory a dg algebra A, we need the 'simple dg ^.-modules' 
as an additional datum. Clearly, a necessary condition for the existence of such dg modules is that the 
homology H*(A) should be equipped with a suitable set of graded simple modules. One may ask whether 
this condition is also sufficient. Now realizing modules over the homology H*(A) as homologies of dg 
modules over A is in general a hard problem, cf. for example [5]. In this paper, we treat one class of dg 
algebras where the problem of realizing the simple homology modules has a satisfactory solution. We 
define this class by merely imposing conditions on the homology H*(A): It should be concentrated in 
degrees > and semi-simple in degree 0. Let us point out that if H°(A) is a field, our result follows 
from Propositions 3.3 and 3.9 of [13], as kindly explained to us by Srikanth Iyengar [IB] . The class we 
consider contains the Koszul duals of smooth dg algebras B whose homology is concentrated in non 
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positive degrees and finite-dimensional in each degree. Important examples of these are the Ginzburg 
dg algebras associated to quivers with potential []3] [22]. The proof of our result is based on the 
construction of canonical weight structures on suitable triangulated categories (section H]) in analogy to 
results obtained by Pauksztello (Theorem 2.4 of [29]). These weight structures are also useful in a second 
application, namely the construction of a i-structure on the perfect derived category of a dg algebra A 
in our class (section [5]). This f-structure has as its left aisle the closure under extensions, positive shifts 
and direct summands of the free module A. Its heart is a length category whose simple objects are the 
indecomposable factors of A in per A. Let us point out that the existence of this i-structure also follows 
from a recent result by Rickard-Rouquier |30j . 

As another application, we establish a bijection between families of 'simple-minded objects' (a piece 
of terminology due to J. Rickard and, indepently, to Konig-Liu |23| ) and hearts of i-structures in suitable 
triangulated categories (section [§]) . Further applications will be given in the forthcoming paper [20j . 

In establishing our main theorem, we need foundational results on the precise link between Milnor 
colimits and homotopy colimits (in the sense of derivators) and on the construction of t-structures from 
sets of compact objects. We prove these in the two appendices. In another appendix, we prove the 
existence of a canonical weight structure on the (unbounded) derived category of a non positive dg 
category, in analogy with a result by Bondarko [7] §6] . 

2. Acknowledgments 
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of this paper. They are very grateful to Srikanth Iyengar for pointing out reference |13j and explaining 
how Propositions 3.3 and 3.9 in that paper imply Corollary 15 . 71 below in the case where H°A is a field. 
They are also very grateful to Dong Yang for carefully reading the first version of this article. 

3. Terminology and notations 

In this article, 'graded' will always mean 'Z-graded', and 'small' will be frequently used to mean 
'set-indexed'. A length category is an abelian category where each object has finite length. 
We write E for the shift functor of any triangulated category. Let 

Lq -A L\ A- L2 — > • • • 

be a sequence of morphisms in a triangulated category T>. Its Milnor colimit |26] is an object, denoted 
by Mcolim n >o L n , which fits into the Milnor triangle, 

Un>0 L n ^ Llri>0 L n *■ Mcolim„> L n s- £ U,i>0 L n , 

where a is the morphism with components 

L n *■ L n+ i LI n >o L n - 

Thus, the Milnor colimit is determined up to a (non unique) isomorphism. The notion of Milnor colimit 
has appeared in the literature under the name of homotopy colimit (see [5] Definition 2.1], [271 Definition 
1.6.4]). However, Milnor colimits are not functorial and, in general, they do not take a sequence of 
triangles to a triangle of T>. Thus, we think it is better to keep this terminology for the notions appearing 
in the theory of derivators [24] [25] [11]. For a study of the relationship between Milnor colimits and 
homotopy colimits see our Appendix 1. 
Let 

. . . — > L2 L\ -4 Lq 

be a sequence of morphism in a triangulated category T>. Its Milnor limit is an object, denoted by 
Mlim n >o L ni which fits into the triangle, 

S 1 n„>0 Ln Mlim„>o L n s- riri>0 IIn>0 L n, 

where a is the morphism with components 

r r can „ tt T 

J^n ^ J-'n—l lln>0 ™ 

for n^O, and the zero map in the component 

: L -> J] L n . 

n>0 
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As in the case of the Milnor colimit, the Milnor limit is determined up to a (non unique) isomorphism. 

If V is a triangulated category and S is a set of objects of T>, we denote by thickx>(6>) the smallest full 
subcategory of T> containing S and closed under extensions, shifts and direct summands. 

Let k be a field and A a dg /c-algebra. We denote the derived category of A by DA, cf. [18]. The 
perfect derived category of A, denoted by per A, is thicks (^4). The finite- dimensional derived category 
of A, denoted by Vf^A, is the full subcategory of VA formed by those dg modules M whose homology 
is of finite total dimension: 

oo. 

pez 

4. Weight structures from compact objects 

Let us recall the definition of a weight structure from [7] and [35] (it is called co-t-structure in [29)): 
A weight structure on a triangulated category T is a pair of full additive subcategories 7~ >0 and 7 - - of 
T such that 

wO) both T >0 and T-° are stable under taking direct factors; 

wl) the subcategory T >0 is stable under S^ 1 and the subcategory T-° is stable under S; 
w2) we have T(X, Y) = for all X in T >0 and all Y in T-°; 
w3) for each object X of T, there is a truncation triangle 

a >0 (X) -^X^ a< (X) ->■ Sa >0 (X) 

with cr >0 (X) in T >0 and cr<oPO in T<°. 
Notice that the objects a > o(X) and a<o(X) in the truncation triangle are not functorial in X. The 
following theorem and its proof are based on Propositions 3.3 and 3.9 of [15] . Compared to the main 
result of [55], the theorem has stronger hypotheses: assumption c) is not present in [loc. cit.]; but it also 
has a stronger conclusion: the description of the weight structure in terms of homology 

Theorem 4.1. Suppose that T is a triangulated category with small coproducts and that S C T is a full 
additive subcategory stable under taking direct summands such that 

a) S compactly generates T , i.e. the functors T(S, ?) : T — > Mod Z , S £ S, commute with small 
coproducts, and if M £ T satisfies T(S P 5, M) — for all p S Z , S £ S, then M = 0; 

b) we have T{L, YPM) = for all L and M in S and all integers p < 0; 

c) the category Mod S of additive functors S op — > Mod Z is semi-simple. 

For X in T and p £ Z, we write H P X for the object L i— > T(L, YPX) of Mod S . Then we have: 

1) There is a unique weight structure (T >0 , 7~-°) on T such that T-° is formed by the objects X 
with H P X = for all p > and 7~ >0 is formed by the objects X with H P X = for all p < 0. 

2) For each object X , there is a truncation triangle 

(4.1) <j >Q (X) -> X -> a< (X) -> Sa >0 (A) 

smc/i t/iai £/ie morphism X — > cr<o(A) induces an isomorphism in H p for p < and the morphism 
cr>o(A) — > X induces an isomorphism in H p for p > 0. 

Proof. Let Sum (S) be the closure under small coproducts of S in T ■ 

1st step: The functor H° : Sum(S) -> Mod S is an equivalence. Indeed, this functor is fully faithful 
because the objects of S are compact in T. It is an equivalence because Mod S is semi-simple and S 
stable under direct factors. 

2nd step: For each object X of T and each integer m, there is a morphism V m (X) — > X such that 
V m (X) belongs to E _m Sum( l S) and the induced map 

H m (V m (X)) -> H m X 

is an isomorphism. Indeed, by the first step, the module H m X is isomorphic to H m (V m (X)) for some 
V m (X) lying in I]-" l Sum(5). 

3rd step: For each object X of T , there is a triangle 

V(X) -> X -> C{X) -> Y,V(X) 

such that V{X) is a sum of objects YPL, where L £ S and p < 0, the map 

H p X -> H p (C(X)) 
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is bijective for all p < 0, and the map 

H P (V(X)) H P X 
is surjective for all p > 1. Indeed, we define 

V(X) = [] V m {X) 

and C{X) to be the cone over the natural morphism V{X) — > X. Then we obtain the claim because the 
functors H p commute with coproducts, the H P M vanishes for all M £ S and all p < and the morphism 
V{X) — > X induces an isomorphism 

H\V(X)) -> B Y X. 

4th step: For each object X of T ', there is a triangle 

a >0 (X) -^X^ a< X -> Ea >0 (X) 

such that a > o(X) lies in 7~ >0 and o~<oX lies in T-°. We iterate the construction of the third step to 
obtain a direct system 

X -> C(X) -> C* 2 pf) -> ► C P (X) -> • • • 

and define 

ct<oPO = McolimC* p pO. 

We define cr > o(X) by the above triangle. The compactness of the objects of S in T implies that each 
functor H n , n £ Z, takes Milnor colimits to colimits in Mod S. Let us show that a<o(X) belongs to 
T-°. Indeed, for n > 0, by construction, the morphisms C P {X) — > C P+1 (X) induce the zero map in H n . 
Thus, the module 

H n (a< (X)) = H n {Mco\\mC p {X j) = colim H n (C p (X j) 

vanishes for n > 0. Let us show that a > o(X) belongs to T >0 . Indeed, by induction on p, we see that 
the object K p (X) defined by the triangle 

K p {X) -> X -> C P (X) -> ZK p (X) 

belongs to T >0 . By considering the exact sequence 

H n - x X -> H n -\C P {X)) -)■ H n (K p (X)) -> -> H n (C p (X)) 

we see that for each n < 0, the morphism 

fi n - 1 I->ff n - 1 (C ,, (I)) 

is surjective and the morphism 

H n X ^ H n (C p (X)) 

is injective. By passing to the colimit over p, we obtain that for each n < 0, the morphism 

iF-'-X -> H n - l (a>p(X)) 

is surjective and the morphism 

H n X -> JT>> (X)) 

is injective. By the exact sequence 

IT 1 - 1 * -»■ ff n_1 (o'>o(-X')) -> ff"(cr >0 (X)) -> ->■ H n (a> (X)) 

associated with the truncation triangle, this implies that for each n < 0, the module H n (cr>o(X)) 
vanishes. 

5th step: For each object X of T and each n < 0, the map H n X — >• H n (o~<o(X)) is an isomorphism 
and for n > 0, i/ie map H n (a > o(X)) — > H n X is an isomorphism. Indeed, the first claim follows from 
the fact that X — > C P {X) induces an isomorphism in H" for all n < 0, which we obtain by induction 
from the third step. For the second claim, we consider the exact sequence 

H n ~ x X H n -\a< Q {X)) ->■ H n (a >0 (X)) -> F"(a< (X)). 

For n = 1, the first map is an isomorphism and the last term vanishes; for n > 2, the second and the 
last term vanish. 

6th step: If X is an object of T and Y an object of T— , each morphism X — > Y factors through 
X —> a<o(X). Indeed, since V(X) is a coproduct of objects E _Tn i, m > 0, L £ S, by the triangle 

V(X) -+ X C{X) TV(X) , 



the given morphism factors through C(X). By induction, one constructs a compatible system of factor- 
izations 

X *CP(X)^+Y. 

This system lifts to a factorization X — s- Mcolim(C p (X)) — » Y, which proves the claim since a>o(X) = 
Mco\\m{C p {X)). 

7th step: For X S T >0 and Y G 7<o, we /iave T{X, Y) — 0. Indeed, let / : X — )• Y be a morphism. 
By the 6th step, it factors through X — > tr<o(X). We claim that Z = <7<o(AT) vanishes. Indeed, by the 
4th step, we have H n Z = for n > and by the 5th step, we have H n Z = for n < since H n X 
vanishes for n < 0. 

iSt/i siep: i/ie conclusion. Axioms wO) and wl) are clear, axiom w2) has been shown in the 7th step 
and axiom w3) in the 4th step. Claim b) has been shown in the 5th step. 

Although the assignment X i— > o~<oX in part 2) of Theorem 14. II is not uniquely defined up to isomor- 
phism and it is not functorial, we have the following useful result: 

Lemma 4.2. In the situation of Theorem \4- 1\ we have: 

1) a<o(X®Y) =a< (X)(Ba<o(Y) : 

2) *<o(&X) = TPa< (X). 

5. Positive dg algebras 

Corollary 5.1. Let k be a commutative associative ring with unit. Let A be a small dg k-linear category 
such that: 

a) H P A vanishes for p < 0, 

b) Mod H (A) is a semisimple abelian category. 
Then we have: 

1) There exists a weight structure w = ((VA) W>0 , (VA) w -°) on VA such that (VA) W>0 is formed 
by those modules X such that H P X = for p < and (T>A) w -° is formed by those modules X 
such that H P X = forp>0. 

2) For each module X there exists a truncation triangle 

a >0 (X) -> X -> a< (X) Sa >0 (A) 

such that the morphism X — > cr<o(A) induces an isomorphism in H p for p < and the morphism 
cr>o(A) — > X induces an isomorphism in H p for p > 0. 

Proof. We apply Theorem 14.11 by taking T = T>A and S to be the full subcategory of T>A formed by 
the direct summands of finite direct sums of modules of the form A A = A{1,A) where A is an object 
of A. Thanks to [T5] we know that V is compactly generated by S and that condition a) implies 
Hom-p^L, TPM) = for all L and M in S and all integers p < 0. After restricting scalars along the 
functor H°A ->5we get an equivalence 

ModH°(A) ^ Mod S. 
Thus, condition b) implies that Mod S is semisimple. 

Non-example 5.2. If H°A is not semisimple we do not have a triangle as the one in part 2) of 
Corollary 15. II We can take, for example, the algebra of dual numbers A = k[e] with e 2 = over field k 
and consider the complex M equal to the cone over the map e : A — > A. Let S be the simple A-module. 
If there was a triangle 

o->o(M) -> M -> ct<o(M) -> E<t> (M), 
the object a>o{M) would have to be isomorphic to S and the object ct<o(M) to SS 1 (because the homology 
of M is concentrated in degrees and —1 and isomorphic to S in both degrees). Then the connecting 
morphism 

a <0 (M) -> £o-> (M) 

would be a morphism T,S — > T,S and thus would have to be or an isomorphism. In the first case, we 
find that M is decomposable, a contradiction, and in the second case, we find that M is a zero object, 
a contradiction as well. 

Notation 5.3. In analogy with the case of t-structures, we say that the weight structure of the Corol- 
lary [IT]] is the canonical weight structure. If A is in fact a dg algebra A, we write Sa = o-<qA. 
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Lemma 5.4. Let A be an arbitrary dg algebra. If M £ DA and P is a direct summand of a small 
coproduct of copies of A, then the morphism of k-modules induced by H 

Hom VA (P,M) -> Horn H o A (H°P,H°M) 

is an isomorphism. 

Proof. The full subcategory of T>A formed by the objects P satisfying the assertion contains A and is 
closed under small coproducts and direct summands. y/ 

Lemma 5.5. Let A be a dg algebra such that in Mod H°(A), the module H°A admits a finite decomposi- 
tion into indecompo sables (e.g. H°A is semisimple). There exists a decomposition into indecompo sables 
A = ©I=i Ai of A i n "DA such that H°A = © i=1 -ff is a decomposition into indecompo sables of 
H°A in Mod H°(A). 

Proof. A decomposition of H°A into indecomposablcs in the category of iJ°A-modules gives us a com- 
plete family {e' 1: . . . , e' r } of primitive orthogonal idempotents of the ring End h° a(H° A) . Now, by using 
the ring isomorphism 

H° : End VA {A) 4 End H o A {H°A) 

we find a complete family {ei, . . . , e r } of primitive orthogonal idempotents of the ring Er\6-D A (A). Since 
idempotents split in T>A, each has an image Ai in DA and we obtain that A = © i=1 Ai is a decom- 
position of A into indecomposables in T>A. yj 

Proposition 5.6. Let A be a dg algebra with homology concentrated in non negative degrees and such 
that H°A is a semi-simple ring. 

1) Let X be an object ofDA with bounded homology and such that each H n X , n £ Z, is a finitely 
generated H° A-module. If p £ Z is an integer such that H n X = for n > p and H P X ^ ; then 
X belongs to the smallest full subcategory susp® (E~ P S A ) ofDA containing Y<~ P S A and closed 
under extensions, positive shifts and direct summands. 

2) Assume that each H n A, n € Z ; is a finitely generated H A-module. Then if M £ per A, for any 
truncation triangle 

a >p (M) -> AI -> o-< p {M) -> Scr >p (A/) 
we have a< p M € susp® '(T,~ p 'S A ) . 

Proof. 1) We will use induction on the width of the interval delimited by those degrees with non- 
vanishing homology. By Lemmas 15.41 and 15.51 there are direct summands A± , . . . , A r of A in T>A, 
natural numbers n\ , . . . , n r , and a morphism / : ^ p A T ^ i — s- X in DA such that H p f is an 

isomorphism in Mod H°A. Consider truncation triangles 

<T>o(Ai) -> A t -> a< (Ai) -> StT >0 (A l ), 

as the ones in part b) of Theorem 14. II After Lemma I4T21 we know that the objects <7<o^4i can be taken to 
be direct summands of S A in DA. In particular, the Y,~ p Ai are objects of susp®(SU). Now notice that 
X G (DA) W ~ P , and so it is right orthogonal to the objects of the wing (DA) W>P . Hence the morphism 
/ factors through the morphism 0[ =1 Yr p A^ -> 0[ =1 Y,- p a< (A,) n ^. 

©; =1 E- p a >0 (Ai)^ ^ ©; =1 E-p^ ^ ©[ =1 E-fa< (^) n « ©[ =1 E-f +1 a >0 (A0^ 




Since H p (f) is an isomorphism, for the mapping cone X' of / the width of the interval delimited by those 
degrees with non-vanishing homology is strictly smaller than that of X, and H n {X') = for n > p — 1. 
By induction hypothesis we get X' e susp®(E -p+1 SU), which implies that X e susp(E~ p SU). 

2) Since A has homology concentrated in non negative degrees, then M £ D + A. Therefore, X = o-< p M 
has bounded homology. Note that the hypothesis implies that each H n M , n £ Z, is finitely generated 
as a module over H°A. This implies that each H n X , n £ Z, is finitely generated as a module over H°A. 
Now we can use part 1) of the proposition. yj 

Corollary 5.7. Let k be a commutative associative ring with unit. Let A be a dg k-algebra such that: 

a) H p A vanishes for p < 0, 

b) Mod H°(A) is a semisimple abelian category. 



Then for each graded simple module S over the graded ring H* A, there is a dg A-module S , unique up 
to isomorphism in the derived category T>A, such that the graded H* A-module H*(S) is isomorphic to 
S. 

Proof. First step: The graded simple modules over H* A are precisely the simple modules over 
regarded as graded H* A-modules (concentrated in degree 0) by restricting scalars along H* A — > H°A. 
Clearly, simple H° A-modules become simple graded iJ*A-modulcs. Conversely, if S is a graded simple 
_ff*A-module, then it has to be concentrated in degree 0. This implies that it is killed by (J) p>0 H P A. In 
other words, it is a (necessarily simple) 7J°A-module. 

Second step: There exists a decomposition into indecomposables A = A.; of A in DA such that 

H°A = H°(Ai) is a decomposition into simples of H°A in Mod iJ°(A). This is Lemma 15.51 

Third step: the graded H* A-modules H*(a<oAi) , 1 < i < r, are graded simple H* A-modules, and 
every graded simple H* A-module is of this form. Thanks to the first step, it suffices to prove that 
H p (o~<oAi) = for p 0, and that with H°(a<oAi) , 1 < i < r, we get all the simple H° A-modules. 
This follows from the particular properties of the weight structure we are considering. 

Fourth step: if S € T>A is a module such that H*(S) is a graded H* A-module isomorphic to H*(o~<oAi) 
for some I < i < r, then S is isomorphic to o<o(Ai) in T>A. Indeed, the proof of part 1 of Proposition [5~51 
can be used to show that the map / : er< (A,;) — > S there is an isomorphism. 

Remark 5.8. The result above remains valid for small dg categories A such that H P A = for p < 
and Mod H°(A) is semi-simple and each simple is compact. 

6. The Koszul dual 

Throughout this section A will be a dg algebra with homology concentrated in non negative degrees 
and such that H°A is a semi-simple ring. Recall from Notation 15.31 that Sa = &<o(A). 

Notation 6.1. We write B = REnd(5yi). It should be thought thought of as the 'Koszul dual' of A. 

Lemma 6.2. B has homology concentrated in non positive degrees. 

Proof. We have to prove that 

H p RHom(SU, S A ) = Hom VA (S A ,^ p S A ) = 
for p > 0. After applying Homx)A(?, ^ p Sa) to the triangle 

ct >0 (A) -> A -> S A -> Scr >0 (A) 

we get the exact sequence 

HomtCTx^A),^- 1 ^) -> Hom(S A ,Z p S A ) -> H P (S A )- 
Of course, H p (Sa) = for p > 0. On the other hand, by definition of weight structure we have 

Hom( < 7 >0 (A),I] p - 1 ^) = 
for p > 0. yj 

Lemma 6.3. I) For each X £ DA we have X = Mlim p >o a< p X . 
2) For every pair of objects X and Y of T>A we have 

Hom(X, Y) = \\m q colim p Hom(a< p X, a< q Y). 

Proof. I) Given X £ T>A we can form triangles 

a >0 (X) -^X^ a< {X) -> Sa >0 (X), 

0>i(o> O -X') -> a >a X -> a<i(a > oX) -> H<j >1 (<j >0 X), 

Thanks to statement (2) of Theorem 14. 11 we can take all these triangles so that the maps induce isomor- 
phisms at the level of convenient homologies. Using the octahedron axiom of triangulated categories we 
prove that in the triangle 

(T>1(T>0^' — > X — > C — 7- £(7>l<7>0^, 

over the composition 

cr>l(cr >0 X) -> <7>oPO X, 
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the object C belongs to {VA) W ^. Thus 



(TylCTyoX — > X — > C — StT>l(T>o^ 

is the truncation triangle corresponding to the weight structure ((T)A) W - 1 , (T)A) W - 1 ), and we can write 
C = <7<i(X) and ct>i(ct>o)^ = a > i(X). Moreover, we still have an isomorphism 

H p X -3 F p (a<iX) 

for p < 1. Indeed, for p < we have the following diagram with exact rows 

^ HPX HP{cj< X) »- HP +1 (<j >Q X) 

i 

HP(a<!X) »- HP(a< Q X) ff"+V<^>oI), 

and for p = 1 we have the following diagram with exact rows 

H l {a yl X) ^ H x {a >0 X) ^ H\a< x a >Q X) H 2 {a yl X) ^ H 2 (a >0 X) 



HHa^X) ff 2 ((T>iX) 



H 2 X, 



H\a >x X) ^ H l X 

which implies that 77 1 (<7<i(j>o^) ~~ > H 1 {<j<\X') is an isomorphism, and so from the square 

H\a >0 X) ^ H\a< x a >0 X) 



H l {a< x X) 



H X X 

we deduce that H X X — > iJ 1 (cr<iX) is an isomorphism. 

Repeating this construction we get a commutative diagram 

■ ■ • 5~ <J< 2 X s- <J<\X <J«jX 



<]■> 



9i 



.V" 



X 



X 



X 



<T > lX >■ (7 >0 X 



■ ■ ■ >■ >2 X — 

where the morphisms H n (g p ) : H n X — > H n (a< p X) are isomorphisms for n < p. Consider now the 
induced map 

X —> Mlim p >o <J<pX. 

For each n € Z we get a map 

H n X -> i/' l (Mlim p > cr<pX) = \\m p > H n (a< p X) 

induced by 

^ H n (a< 2 X) ^ H n (a £l X) ^ H n (a< a X) 



H"g 2 

-+H n X 



H n gi 

= H n X 



H n g 

= H n X 



H n (a >2 X) ^ ff n (a>!X) ^ H n (a >Q X) 

For each n £ Z, almost every map H n (g p ) is an isomorphism, and so the map H n X — > i?™(Mlim p >o a< p X) 
is an isomorphism. 

2) Given X , Y £ DA, we have Y = Mlim 9 >o c< g F, and so 

Hom(X, Y) = Hom(X, Mlim ? a< q Y) = lim ? Hom(X, a< q Y). 
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After applying Hom(?, <7< g F) to the commutative diagram (see the proof of part 1)) 

■ • ■ >- S(7>2^ *" ECT>lX 9- E(J>qX 



<j<iX o<\X ^ <J<qX 



*-X = X ^=^= X 

■ ■ ■ 9- (7 > 2X 9- (J>lX 3- 0~>qX 

we get the commutative diagram 

Hom(£cr >0 A, o< q Y) ^ Hom(Ecr>iX, a< q Y) ^ Hom(Eo-> 2 X, <r< q Y) 

Hom((j<oX, &<qY) 5- Hom((j<iX, °~< q Y) >■ Hom(cr<2X, o< q Y) ■ 

Hom(A, (J< q Y) ^=^= Hom(A, <r< q Y) ^=^= Hom(A, a< q Y) = 



Hom(a > oX, <J< q Y) 5- Hom(<r > iX, cr< q Y) s- Hom(<r > 2X, <J< q Y) s- • ■ • 

For p>0we have Hom(fr >p X, cr< q Y) = = Hom(T l a >p X 7 a< q Y), and so the map Hom(cr< p A, cr< q Y) — > 
Hom(X, <J< q Y) is an isomorphism. Hence, 

Hom(A, Y) = lim g >o Hom(A, <J< q Y) = lim g >o colim p >o Hom(a< p X, a< q Y). 

V 

Proposition 6.4. Assume that each H P A, p S Z, is a finitely generated H° ' A-module. Then the functor 

RHom(?, 8 A ) : (per A) op -> V(B op ), 

which has its image in T>~ (B op ), is fully faithful. 

Proof. For the first claim it suffices to notice that 

Homj, A (E-»X,a< Q A) =0 

for X € per A and p> 0, since every object in per A has left bounded homology. 
We prove the second claim in several steps. 

First step: The functor RHom(?, Sa) ■ th\ck(S A ) op — > T)(B op ) is fully faithful. Indeed, we can do finite 
devissage using the fact that the map 

RHom(?,5 A ) : Hom VA (S Al S A ) -> Hom D(JjoP) (B, B) 

is an isomorphism. 

Second step: preservation of truncation of perfect objects. Here we will use both the weight structure on 
DA (see Corollary 15. ip and the canonical weight structure on D(B op ) (see Appendix 0). The truncation 
triangle for A corresponding to the weight structure of Corollary 15.11 is 

<r >0 (A) -^A^S A ^ Sa >0 (A). 

After applying RHom(?,SU) and rotating we gt the triangle 

B -> RHom(A, S A ) -> RHom(cr >0 A, S A ) -> RHom(SU, ES A ), 

where B G V~(B op ) w -° and RHom(cr >0 A, S A ) € "D~ (B°*) w<0 . If X is an arbitrary perfect module, 
then one can prove that RHom(er< p X, Sa) belongs to T>~ (B° p ) w -~ p by using part 2) of Proposition ^. 61 
together with Remark 110.11 and one can prove that R\-\om(a >p X, S A ) £ T>~ (B° v ) w<p by using the 
orthogonality property of weight structures. 
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Third step: the claim. Put F = RHom(?, SU)- Let X and Y be two objects of per A. Thanks to 
Lemma [6.31 Theorem 1 10. 2 [ step 2 and step 1 of this proof, and Proposition 15.61 we have the following 
commutative diagram 

Hom(A, Y) Hom(FY, FX) 

\\m q colirrip Hom(a>^ q FY, a>- p FX) 
\\m q colirrip Hom(F(T< (? F, Fa< p X) 

V 

7. Reminder on £-structures 

A t-structure [3] on a triangulated category I? is a pair t = (D— ,T>-°) of strictly full triangulated 
subcategories of T> such that: 

1) D-° is closed under £ and T>-° is closed under £ _1 , 

2) Homx)(A/, IT 1 AO = for each M G X>^° and AT G 

3) for each M £ T> there exists a triangle in I? 

A/- -> A/ -> M- 1 -> SM-°, 
with G X>-° and X^A-/- 1 ) g 
It is easy to prove that each one of the two subcategories completely determines the other one in the 
following sense: an object N € T> belongs to T>-° (resp. T>-°) if and only if we have 

Home (Af,^ 1 AO = 

for each M g £>-° (rcsp. for each N g V^°). 

It is also easy to prove that the triangle above is unique up to a unique isomorphism extending the 
identity morphism 1m- Hence, for each M S T> we can make choices of the objects M-° and M- 1 so 
that the map M n- M-° underlies a functor (?)-° : T> — > T>-° right adjoint to the inclusion, and the 
map M i-> Af)^ 1 ) underlies a functor (?)^° : V -> P-° left adjoint to the inclusion. 

The heart of t is the full subcategory H(t) of D formed by those objects which are in X>-° and also in 
T>-°. It is an abelian category, and the functor 

H° : V -> H{t) , A/ i-> (A/^°)^°, 

which is said to be the 0th homology functor of t, is homological, i.e. takes triangles to long exact 
sequences. 

A t-structure t = (T>-° ,T>-°) is non degenerate if we have 

p| Z n V^° = {0} = p| E™2?^°. 

nSZ rigZ 

This property implies that an object M of T>: 

- vanishes if and only if H°(T, n M) = for each n G Z, 

- belongs to X>^° if and only if iJ°(S"M) = for n > 0, 

- belongs to X>^° if and only if iJ°(S"M) = for n < 0. 
The t-structure t is bounded if we have: 

(J £"X>^° = V = |J S"2?^°. 

Note that any bounded t-structure t is non degenerate. Indeed, if t is bounded, any object M is a 
finite extension of shifts of objects of the form H°(T, n M) , n g Z. But if A/ g f|„ e z £™X>^° or 
A/ G n, l£Z £"X>^°, then we have ff°(E n M) = for each n G Z. 

A Ze/t aisZe (resp. right aisle) in a triangulated category I? is a full subcategory Li containing a zero 
object of T>, closed under £ (resp. £ _1 ), closed under extensions, and such that the inclusion functor 
U T> admits a right (rcsp. left) adjoint. We have already mentioned that if t = (2?-°, 2?-°) is a 
t-structure on T>, then D-° is a left aisle in V and X>-° is a right aisle in T>. Moreover, it is proved in [2TJ 
§1] that the map (2?-°, 2?-°) H > I?- underlies a bijection between the set of t-structures on T> and the 
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lim„ colim„ \-\om(a< p X, cr< q Y) 



set of left aisles in T>, and similarly for right aisles. We will refer to T>-° (resp. T>-°) as the left (resp. 
right) aisle oft. 

Example 7.1. It is shown in Appendix 2 that if A is a dg algebra, there exists a t-structure tA on its 
unbounded derived category T>A such that T>-° is formed by those modules whose ordinary homology is 
concentrated in non negative degrees, and X>-° is formed by those modules M which fit into a triangles 

i>0 i>0 i>0 

where Li is an i-fold extension of small coproducts of non negative shifts of A. Therefore, if A has 
homology concentrated in non positive degrees, it is not difficult to prove that D-° is formed by those 
modules whose ordinary homology is concentrated in non positive degrees. In this case, if we assume 
moreover, as we may, that the components of A vanish in strictly positive degrees, the functors (?)-° 
and (?)-° are given by the usual intelligent truncations, and the associated Oth homology functor gives 
the ordinary homology in degree 0. Therefore, we say that the ^-structure tA is the canonical one. It is 
a non degenerate ^-structure, whose heart is equivalent to the category of unital right modules over the 
ring H°(A): 

H° : U{t A ) 4 Mod H°(A) 

(see for example [HJ Lemma 5.2.b)]). 

Assume now that A is a dg algebra over a field k, and let us consider the finite-dimensional derived 
category Vfd A (sec §[3]). The canonical ^-structure on VA restricts to a bounded ^-structure t A d onVfdA, 
whose heart is equivalent to the category of finite-dimensional unital right modules over the fc-algebra 
H°(A): 

H° : H(t{ d ) 4 modH°(A). 

In particular, W(t A d ) is a length category. If, moreover, H°(A) is finite-dimensional, then %{t A d ) has a 
finite number of isoclasses of simple objects. 

8. Application to the construction of ^-structures 

Theorem 8.1. Let k be a commutative associative ring with unit, and let A be a dg k-algebra such that: 

a) H' } A = forp< 0, 

b) H°A is a semi-simple k-algebra, and 

c) each H P A , p £ Z, is a finitely generated H° A-module. 

Then the perfect derived category per A admits a bounded t-structure whose left (resp. right) aisle is 
the smallest full subcategory containing A and closed under extensions, positive (resp. negative) shifts 
and direct summands. Its heart is a length category whose simple objects are the indecomposable direct 
summands of A in per A. 

Remark 8.2. Suppose k is a field and H°A is isomorphic to a product of copies of k. Then the theorem 
follows from Proposition 3.4 of Rickard-Rouquier's [3D] applied to the triangulated category T = per A 
and to the set S formed by a system of representatives of the indecomposable direct factors of A in per A. 

Proof. Consider the functor RHom(?,SU) : (VA) op -> V(B op ). Thanks to Proposition HTH we know its 
restriction to (perA) op is fully faithful. Notice that the obvious morphism of dg algebras B — > H°B 
(using the intelligent truncation) and the isomorphism of ordinary algebras H°B — > H°A allow us to 
regard H°A as a dg -B-module. Moreover, we have isomorphisms 

RHom{A,S A ) ^ S A ^H°A 

compatible with the structure of left dg S-modules of RHom(A, Sa) and H°A. Thus 

RHom(?, S A ) : (per A) op ^ th\ck v{B o P) (H°A) 

is an equivalence. The picture of the situation is the following: 

(VA)°p ^(peryl) ? 

RHom(?,S,0 i 

V(B°p) ^ 3 thick(i7°A) 

Let us consider a full subcategory A of the heart H of the canonical t-structure on T>(B op ) formed by 
those objects with a finite composition series in which the composition factors are direct summands of 
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H°A. It is not difficult to prove that thick(P°A) is precisely the full subcategory T of T)(B° P ) formed 
by those modules M such that H P M = for almos every p£ Z and H P AI <G A for each p £ Z. With this 
description it is easy to check that the canonical ^-structure restricts to a t-structure on T whose heart is 
A. The simple objects of this heart are given by the simple H°A- modules, i.e. the indecomposable direct 
summands of H°A, which corresponds bijectively to the indecomposable direct summands of A. 

A triangulated category can be recovered from the heart of a bounded t-structure by closing under 
extensions and shifts. Taking this into account, we have: 

Corollary 8.3. Let A be as in Theorem \8.1l Then per A is the smallest full triangulated subcategory of 
T>A closed under extensions, shifts and containing the indecomposable direct summands of A . 

Remark 8.4. Notice that the simple objects of the heart are also in bijection with the simple modules 
over H°(A). 

Corollary 8.5. Let A be an algebra as in Theorem \8.1\ If we assume moreover that A is formal, then 
per(H*A) admits a canonical t-structure whose left (resp. right) aisle is the smallest full subcategory 
containing H*A and closed under extensions, positive (resp. negative) shifts and direct summands. Its 
heart is a length category whose simples are the indecomposable direct summands of H* A in per(H*A). 

Remark 8.6. Theorem 18.11 should be compared with a result by O. Schniirer [35] which states the 
existence of a canonical t-structure on the perfect derived category of a dg algebra B positively graded, 
with B° semi-simple and whose differential vanishes on B°. The main motivation for Schniirer's theorem 
was to prove that certain categories of sheaves, endowed with a perverse t-structure, are ^-equivalent to 
the perfect derived category of a certain dg algebra B endowed with a canonical t-structure (see [31]). 
In practice, B is the homology algebra H*A of a formal dg algebra A satisfying conditions of Theorem 
18.11 and so the existence of a canonical t-structure on per B follows from Theorem 18 . 1 1 and Corollary \i 



a) Hom v A (Si, Sj) = 



Example 8.7. Let A be a dg algebra over a field k such that in each degree its homology is of finite 
dimension and vanishes for large degrees. Let Si , ... , S r , be a family of perfect A-modules such that: 

'0 ifi^j, 
^k-l Sz if i = j. 
b) Hom DA (S i , ZPSj) = for each p < 0. 
Then the derived endomorphism dg algebra B = REndyi((J)[ =1 Si) satisfies the conditions of Theorem l8.ll 
Indeed, the homology groups of B vanish in degrees < by condition b) and they are finite-dimensional 
and vanish in degrees » because the Si are perfect. 

Non-example 8.8. Here we show that condition b) of our theorem is not redundant. Indeed, let A be 
a finite-dimensional algebra of infinite global dimension over a field k. We will show that per A does not 
admit a canonical t-structurc. Indeed, assume per A admits a t-structure t such that per(A)*- is the 
smallest full subcategory of per A containing A and closed under extensions, shifts and direct summands. 
Then, by devissage, we deduce that per(A)*- is the full subcategory of per A formed by those objects 
with ordinary homology concentrated in non negative degrees. On the other hand, it is clear that the 
objects of per(A)*- have ordinary homology concentrated in non positive degrees. Thus, if P belongs 
to per A, then in the triangle 

pt<o _^ p _^ pt>i _^ y](p f < ) 

the object P*-° only has homology in non positive degrees and the object P*- 1 only has homology in 
strictly positive degrees. Therefore, this is the triangle for the natural t-structure and so the truncation 
functors of the given t-structure t on per A coincide with those of the natural t-structure. It follows that 
per A is stable under the natural truncation functor P t— > t>qP. This is a contradiction since we may 
take P = (Pi — > Pq) to be the beginning of a projective resolution of an A-modulc of infinite projective 
dimension. Thus, per A does not admit a canonical t-structure. 

9. Application to hearts and simple-minded objects 

Let k be an algebraically closed field, and let A be a dg fc-algebra such that: 

1) in each degree its homology is of finite dimension, 

2) its homology vanishes for large degrees, 

3) A is homologically smooth, i.e. A is a compact object of the unbounded derived category of dg 
A-A-bimodules. 
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Remark 9.1. Note that these conditions are invariant under derived Morita equivalence. The reader 
can find the proof of the invariancc of condition 3) in [33J Lemma 2.6]. 

Example 9.2. Let A be an ordinary finite-dimensional algebra over a perfect field k. Then A is 
homologically smooth if and only if it has finite global dimension. That the finiteness of the global 
dimension is necessary already appeared in Cartan-Eilenberg's book [HJ Proposition IX. 7. 6]. That it is a 
sufficient condition can be proved by using, for example, the ideas of the proof of |15l Lemma 1.5]. 

Example 9.3. We can also take A to be the non complete Ginzburg dg algebra associated to a Jacobi- 
finite quiver with potential [14] [22]. The fact that in this case A satisfies condition 3) has been proved 
in [T7]. That condition 1) also holds has been proved in [2J. 

Following Rickard (unpublished) and Kocnig-Liu [23) . we define a family of simple-minded objects to 
be a finite family Si , ... , S r of objects of VfdA such that: 

'o if Mi, 
k ■ l Si if i = j- 



a) Hom T , A (S i , Sj) 



b) Homx> A (Si, £*Sj) = for each t < 0. 

c) VfdA is the smallest full triangulated subcategory of T>A containing the objects Si , ... , S r . 

Example 9.4. Let t be a bounded i-structure on VfdA whose heart H(t) is a length category with a finite 
number of isoclasses of simple objects. Then we can take Si , ... , S r to be a family of representatives 
of those isoclasses. 

Two families Si , ... , S r and S[ , ... , S' r , of simple-minded objects of VfdA are equivalent if they 
have the same closure under extensions. 

Corollary 9.5. Taking representatives of the isoclasses of the simple objects of the heart yields a bijection 
between: 

1) Bounded t-structrures on VfdA whose heart is a length category with a finite number of isoclasses 
of simple objects. 

2) Equivalence classes of families of simple-minded objects of Vfd(A). 

Proof. First step: from t-structures to simple-minded objects. We have already observed in Example 19.41 
that, from such a ^-structure on VfdA, one gets a family of simple-minded objects of VfdA by considering 
the simples of the corresponding heart. 

Second step: from simple-minded objects to t-structures. Conversely, let Si , ... , S'r be a family of 
simple-minded objects of VfdA. Put S = ©I=i Si and B = REnd^S 1 ). The adjoint pair 

VA 

?®^S RHom A (S,?) 

VB 

induces mutually quasi-inverse triangle functors 

VfdA 

RHom A (S,?) 

per B. 

Under these equivalences, the objects Si correspond to the indecomposable direct summands of B in 
perB. As noticed in Example 18.71 B satisfies the hypothesis of Theorem 18.11 Therefore, there exists 
a bounded i-structure on per B whose heart is a length category such that the indecomposable direct 
summands of B in peri? are the representatives of the isoclasses of the simple objects. This ^-structure 
is mapped by ? ®^ S to a bounded i-structure on VfdA whose heart is a length category such that the 
simple-minded objects we started with are the representatives of the isoclasses of the simple objects. 

Third step: the bijection. By using that a bounded i-structure is completely determined by its heart 
(see for example [HI Lemma 2.3]) it is easy to check that steps 1 and 2 define a bijection. y/ 

Corollary 9.6. Si , ... , S r and S[ , ... , S^, are two equivalent families of simple-minded objects of 
VfdA if and only if r = r' and, up to reordering, Si = 

Proof. After Corollarv l9.5l two equivalent families of simple-minded objects are families of representatives 
of the isoclasses of the simple modules of the same length category. yj 
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10. Appendix 0: A weight structure for negative dg algebras 

Let B be a dg algebra with homology concentrated in non positive degrees. Consider the following 
full subcategories of T>B: 

• T) w ~ a , formed by those modules with homology concentrated in non positive degrees, 

• V w ^°, formed by those modules X satisfying Hom(X, Y) = for each Y g V w<0 = EZ>"^°. 

Remark 10.1. Note that E^B g V w ^° for each p < 0. 

The following result is an unbounded analogue of a result by Bondarko. cf. §6 of [7]. 

Theorem 10.2. 1) The pair (V W ^°,V W ^°) is a weight structure on VB. 

2) X> w -° is the smallest full subcategory Susp(_B) of DB containing B and closed under positive 
shifts, extensions and arbitrary coproducts. 

3) For any object X ofDB we have X = Mcolim p >o o>- v X. 

4) For any pair X and Y of objects of T>B we have 

Hom(X, Y) = lim g >o colim p >o Hom(cr>_ I jX, er>_ p y). 

Proof. 2) It is clear that B g X> w -°, and that T> w -° is closed under extensions, positive shifts and 
arbitrary coproducts. Therefore Susp(i?) is contained in X> w -°. Now, for an object M of T> w -° we can 
form a sequence of triangles 

B 4 M -4 M -> SS , 
B x M Mi SSi, 

by taking _B p = U g>p IJHom(S9S M ) and defining i3 p — >• Af p as the obvious map. This yields a 
diagram 

M >■ Mi >■ M 2 s 

A/ — ^ M — ^ M = 



Lq s- L\ s- L-2 • • • 

where each L p is a p-fold extension of coproducts of non negative shifts of B. Thanks to Vcrdicr's 3x3 
lemma (see [3l Proposition 1.1.11]) we know there exists a triangle 

L -> M -> Mcolim M p -> SL, 

where i fits in a triangle of the form 

]J L p -> L -> ]J Si p -> E ]J L p . 

p>0 p>0 p>0 

Thus, it is clear that L g Susp(_B). On the other hand, for each n > we have 

Hom(E™B, Mcolim M p ) = colim Hom(E"B, Mcolim M p ) = 
because the morphisms 

Hom(E™5,M p ) Hom(E"B, M p+ i) 
vanish. Thus Mcolim Mj, has homology concentrated in degrees > 1. But, in fact, for each n > 1 we have 
an exact sequence 

H n M F"(Mcolim M) H n+1 L, 

where H n M = by hypothesis and H n+1 L = because B has homology concentrated in non positive 
degrees. This proves that Mcolim M p = 0, and so M = L g Susp(£?). 

1) It is clear that X>"^° and V w ^° are closed under finite coproducts and direct summands. It is 
also clear that J) w -° is closed under positive shifts and T> w -° is closed under negative shifts. The 
ortohogonality axiom hols by definition of j) w -°. It remains to prove the existence of a truncation 
triangle. Let M be an object of T>B. Thanks to [T51 §3.1] we can assume that M has a filtration 

= M_i c M C Mi c • ■ ■ C M n _i c M n ■ ■ ■ C M 
in the category CB of dg -B-modules such that 
Fl) M = colim„> M n , 
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F2) each M ra _i — > M n in an inflation in CB, i.e. it is a degreewise split-injection, 
F3) M n /M n -i is a small coproduct of (positive or negative) shifts of B. 

Using the fact that B has homology concentrated in non positive degrees, we can form a commutative 
square 

Lj >■ SLq 



Ml /M ^ £M 

where the vertical morphisms are degree-wise split injections and L' x (resp. Lq) is the direct summand 
of Mi /Mo (resp. Mo) formed by the non positive shifts of B. Taking the co-cone L\ of L[ — > ELo we 
get a morphism of degree-wise split short exact sequences of dg -B-modules 

Lq >■ L\ s- L\ 



Mo 



Mi 



Mi/Mq, 



where the vertical arrows are degree-wise split injections. We write L[ = L\/Lo- In this way, we can 
form morphisms of degree-wise split short exact sequences of dg B-modulcs 



L>n- 



M„_ 



L, 



L n / L n -i 



M n 



M n /M n 



for each n > 0, where the vertical arrows are degree-wise split injections and L n / L n -\ is the direct 
summand of M„/M„_i formed by the non positive shifts of B. This yields a sequence of degree-wise 
split short exact sequences of dg £>-modulcs 



= L. 



= M_i ^ M ^ Mi 



= iV_i N ^ ATi 



M„_i ^M n 



where for each n > there is a morphisms of degree-wise split short exact sequences of dg £?-modulcs 

M„_i ^ M„ ^ M„/M n _i 



iV„_i *■ N n > N n /N n -t 

where the vertical arrows are degree-wise split surjections and N n /N n —i is the direct summand of 
M n /M n -x formed by the positive shifts of B. Write L = colim rl >oi n and N = colim n >o -/V„. The 
short exact sequence of dg B-modulcs 

L -+ M -+ N -+ 

induces a triangle 

L -> M -> N -> EL 

in T>B. Note that L = Mcolim„>o L n and iV = Mcolim„ JV n . Since T> w<0 is closed under small coproducts, 
positive shifts and extensions, then N £ x> w<0 . On the other hand, if Y € J) w<0 then 

Hom(L, Y) — lim„>o Hom(L„, Y) = 0, 

which proves that L € T> w -°. 
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3) We can construct a commutative diagram as follows: 

o>qX s- a>-\X o>_2^ 



Jo 



f- 



f- 



X 



X 



■■x 



<7<oX S- (J<-\X S- (J>-2X 



which induces a morphism 

/ : Mcolim p >o a>- p X — > X. 
For each n S Z this yields a morphism 

H n (f) : co\\m p > H n (a>. p X) -> H n X 
induced by the commutative diagram 

H n (a> X) ^ F"(a>_!X) H n (<j>_ 2 X) 



H"(fo) 

H n X^ 



H n X = 



H n X^= 



H n {a <0 X) - ff"(a<_!X) ^ ff"(a>_ 2 X) ^ • • • 

We deduce that H n (f) is an isomorphism from the fact that almost every map H n (f_ p ) , p > 0, is an 
isomorphism. 

4) Note that we have 

Hom(Jf , Y) = Hom(Mcolim f/ >o cr>_ 9 X, Y) = lim 9 >o Hom(cr>_ g X, Y). 

Now for a fix q > 0, we apply \-\om(cr>- q X, ?) to the diagram 

a >Q Y ^ o>-\Y s~ cr>-2Y * 



Y- 



Y 



Y 



er <0 Y ^ <J<-\Y s- er > _ 2 Y * 

to get the diagram 

Hom((j>_ g X, &>oY) 5- Hom(<7>_ g X, a>-iY) 5- Y\om{a>- q X, cr>_ 2 ^) 



Hom{a>- q X, Y) ^=^= Hom(a>- q X, Y) ^=^= Hom(er>_ 9 X, Y) 



Hom((7>_ 9 X, <r <0 Y) 9- Hom((T>_ g X, a < ^ 1 Y) s- Hom(cr>_ g X, tjy^Y) 

in which Hom(a>^ q X, <r < ^ p Y) = for p ^S> 0. Thus the induced morphism 

colim p >o Hom(cr>_ g X, tr>_ p y) — > Hom(cr>_ (? X, y) 

is an isomorphism. 
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11. Appendix 1: Milnor colimits versus homotopy colimits 



Let ID be a triangulated derivator defined on the 2-category of small categories (see [TT] and the 
notation therein). Let us denote by e the 1-point category. For any small category /. we will write 
p : I —t e to refer to the unique possible functor. We have an adjoint pair of triangle functors 

D(e) 
pi p* 
D(i) 

and, by definition, if F £ B(/) we say that p\F is the homotopy colimit of F. Sometimes this will be 
denoted by hocolimF or T\(F, I). 

In this Appendix, we will show that if a triangulated category T> is at the base of a triangulated 
derivator, then Milnor colimits of sequences of morphisms of T> are isomorphic to homotopy colimits. 

The key tool will be the diagram functor (see [TTJ §1.10]): 

di : P(J) -> Hom(7 op .P(e)) 

(sometimes we shall omit the subscript /). If F is an object of D(7), we say that diF is the diagram or 
presheaf associated to F. Given a presheaf F £ Hom (/ op . 10(e)), we say that an object G £ B(-0 is lifts 
F if d/(G) is isomorphic to F in Hom (/ op , D(e)). 

For each i £ I, we denote by ? <8 i ■ D(e) — > Hom (/ op , B(e)) the left adjoint of the functor (?), 
evaluation at i: 

Hgm(J op ,ID(e)) 

(?)* 
D(e) 

For j £ I and X in D(e), we have the canonical isomorphism 



Hom(j.i) 



Lemma 11.1. for eac/i i in I , the triangle 




MI) Hom(/°P,Dfe)) 



B(e) 



commutes up to a canonical isomorphism. 

Proof. Recall that by axiom Der4d, for each functor u : J —¥ I and each object j of /, we have a canonical 
isomorphism 

j*u\ = pi I* , 

where the functors are those of the square 



j 



i 



and j\J is the comma-category of pairs (j',u(j f ) — > j). Let us specialize J to e and u to the inclusion 

determined by the object i of /. Then we get a canonical isomorphism 

- * - # 
J H =P\P , 

where now i\J = i\e is the discrete category Hom(j, i) and p the unique functor Hom(j, i) — > e. By 
axiom Deri, the composition p\p* is the coproduct composed with the diagonal functor. So for each 
object X of B(e), we get a canonical isomorphism 



(i,X) j = X={X®i) j . 



Hom(j,i) 
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One checks that these isomorphisms yield a canonical isomorphism as claimed. 
Remark 11.2. For I° p = N and n £ N, the object X <E) n is the presheaf 

o^...^04i4i4i->... ! 

where the first X appears in position n and by the lemma, the triangle 

° Hom(N,P(e)) 




commutes up to isomorphism. 

Proposition 11.3. 1) Given an object X of Hom(N, ©(e)), there exists an object o/D(N op ) which 
lifts X. 

2) Given a morphism f : X — > X 1 in Hom (N, B(e)) there exists a morphism f : X — > X' in D(N op ) 
such that d (/) is isomorphic to f. 

3) The homotopy colimit of an object X o/D(N op ) is isomorphic to the Milnor colimit of its asso- 
ciated diagram d^opX. 

Proof. 1) Step 1: an exact category with global dimension 1. Every additive category can be endowed 
with an exact structure by taking as conflations the split exact pairs (see |19) and the terminology 
therein). Let us consider D(e) as an exact category in this way, and let us regard Horn (N, 18(e)) as an 
exact category with the pointwise split exact structure. Let us calculate a projective resolution of an 
arbitrary object of this category. Given an object X of Hom (N, O(e)), i.e. a sequence of morphisms in 
B(e) 

x ^ X 1 A x 2 3 . . . , 
we can start the projective resolution by considering the deflation 



P = |]l„®ml 



defined by using the counit of the adjunctions (? <£> n, (?) n ). It turns out that Hom(N,D(e)) has global 
dimension 1. Indeed, in the kernel Pi A Pq of the former deflation we can take 



Pi= U *n®(n + l), 



neN 



which is a projective object. An explicit diagram might help 

> X Q ^ X ® X l 




Step 2: lifting a projective resolution along the diagram functor. Put 

Pi = ]J(n + l),(X n ) 



and 



P = [J m -(Xn)- 



riGN 



For each neN, let a n £ Hom D ( N o P )((n + l)]X, mX) be the image of the identity l n ,(x n ) by the 
composition of the morphisms 

Hom ( N » P )(n\(X n ),m.(X n )) A Hom D(e )(X„,n*n!(X„)) 

Hom D(e) (X n , (n + l)*n\(X n )) 

A Hom D ( N op)((n+ l)\(X n ),n\(X n )) 

18 



induced by the adjoint pairs (n\,n*) and ((n + l)t, (n + 1)*) and the 2-arrow 

(n+iT 

©(e) B(N°p) 



coming from the only possible 2-arrow 



n+l 




Consider now the morphism 
in ro(N op ) determined by 



(n+l)i(X n ) 



a>n —(n + 1); (x n ) 



P> 



n\(X n )®(n + l) l (X n+1 ) 



Remark 111.21 tells us that the diagram functor g?n°p sends u to u : Pi — > Pq . 
Step 3: a triangle over the lifted morphism. Now consider a triangle 

Pi A P -> X SPi 

in ID(N op ). For each m € N, after applying the triangle functor m* : D(N op ) — > D(e) we get a triangle 

©^O 1 X n ©n=0 »- C?n°p (X) m ~ 



in 3(e). Since u m is a section, ciN°p(X) m is the cokernel of u m and so djsi°p(X) m = X m . 

2) Given a morphism / : X — > X' in Hom fN, ©(e)), we can consider as before the projective resolutions 



Pi 4 Po -> x 



and 



By using f : X —> X' we can define a morphism g : Po — > P^ making commutative the square 

Po 

/ 




and the universal property of the cokernel guarantees the existence of a morphism of conflations 

Pi — ^ Po X 




p' - p' 
^i mi 

Thanks to Remark II 1.21 we can prove that there exists a commutative square 




in ED(N op ) which is mapped to 




by disr°p- The commutative square in ED(N op ) can be completed to a morphism of triangles 




For each m G N, we apply the triangle functor m* and obtain a morphism of triangles 



(Bn=0 *" ©n=0 *■ (d,-yi°pX) T 



■ 

(Bn=0 X n ^ ©n=0 X 'n *~ {d,N"pX') m »" S ©^q 1 X' n 

Since both u m and u' m are sections, (disropX) OT is the cokernel of u m and {dw>vX') m is the cokernel of 
u' m . Thus, c?N o p(/)m is isomorphic to f m . 

3) Given an object X 6 D(N op ) we consider a triangle 

Y -> ]J n,n*X 4l^E7 

nGN 

where e is defined by using the counit of the adjunctions (n\, n*). For each n G N, let a„ G Homi)(Nop)((n+ 
nm*X) be the image of the identity l„, n *x by the composition of the morphisms 

HomD(Nop) (n\n*X, nm*X) — > HorriD( e ) (n*X, n*nm*X) 
— > HorriD(e) (n*X, (n + l)*n\n*X) 
Hom D ( N o P )((n + l)m*X, nm*X) 

induced by the adjoint pairs (n\,n*) and ((n + l)i, (n + 1)*) and the 2-arrow 

(n+iy 



8(e) it« +1 V B(N°p) 



coming from the only possible 2-arrow 



Consider the morphism 



n+l 




JJ, a^ +1 N°P. 



described by 



J (n + l)m*X A ]J mn*X 

riGN rieN 
U„ £N (" + LUn 



(n + l)m*X 



mn*X © (n+ l)i(n + 1)*X 
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Since the composition eu vanishes, there exists a morphism tp making commutative the diagram 



Y : 



— *- LlneN mn * x — — ^ x — ef 

For each m € N, after applying the triangle functor m* we get a triangle 

m*Y *~ U„ eN m*mn*X m *x EmT 

By using Remark 111.21 we know that 

m 

J m*mn*X = 0n*I, 

n£N n=0 

and it is easy to check that the nth composite of the morphism m*e is the morphism 

(a n ) : n X — > m X 

given by the unique 2-arrow 



e ^<C N° F 



Thus, m*e is a section, with retraction given by 

m 

[ o ... o i ]* : m*X 4 0n*I 

n=0 

^From this, we deduce that the morphism 

m 

m*Y ^ 0?i*X 

n=0 

is the kernel of m*e. On the other hand, it is easy to check that the kernel of m*e is m*u. Therefore, 
m*ip is an isomorphism for each m € N, and the conservative axiom of derivators (see [111 Definition 
1.11]) says that ip is an isomorphism. Finally, if we apply the triangle functor hocolim to the triangle 

LUn(» + V>- n * X LJneN X S U„ eN (n + l),n*X 

we get the triangle 

UneN UneN n * x *- hocolim X E U„ eN 

The nth composite of cr is the composition 



n*X 



(n + l)*X^U„ eN n*X, 



where is the only possible 2-arrow 




Therefore, 



hocolim X= Mcolim o?n°pX 



If X is an object of Hom fN, D(e)) given by 



X A X 1 % X 2 



we denote by EX the object Hom fN, D(e)) given by 



If D is a triangulated category and / : X — > Y is a morphism in the category Hom(N, T>): 

Xq s- X\ »- X2 >• ■ ■ ■ 



h 



Y 



1", 



Y 2 





we write Mcolim / to refere to a morphism which fits in a morphism of triangles 

l-CT 



X,, 



u 



A',, 



UnGN 



o„ eN /» 

l-CT 



U„ 6 



n„ eN /» 



Mcolim A n — 

Mcolim / 

• Mcolim Y„ — 



S LlnSN ^« 
S LlriGN 



Z — ► EA 



Corollary 11.4. Let 

X A Y 

be a diagram in Hom(N, 15(e)) such that for each n £ N i/ie corresponding diagram 

X n — > Y„ — > Z n — > EX„ 
is a triangle in D(e). There exists a triangle 

Mcolim / 



Mcolim X 



Mcolim Y 



Mcolim Z' 



E Mcolim A 



m ©(e), where Z' is an object of Hom fN. B(e)) suc/i that Z' n = i? n /or eac/i n£N. 

Proof. Part 2) of Proposition II 1 .31 tells us that there exists a morphism / : A — > Y in B(N op ) such that 
(In»p(/) = /■ Let us complete this morphism to a triangle 

in B(N op ). For a natural number n £ N the triangle functor n* sends this triangle to a triangle 

A„ H Y n -> n*Z -> EA n , 

which proves that n*Z = Z„. On the other hand, by using part 1) of Proposition 1 1 1 . 31 we get that the 
triangle functor hocolim sends the triangle in B(N op ) to a triangle 



Icolim A 



Mcolim / 



Icolim Y 



hocolim Z ' 



S Mcolim A. 



Finally, part 3) of Proposition 111.31 tells us that 

hocolim Z = Mcolim o!n°p (Z). 

12. Appendix 2: From compact objects to ^structures 



It is well known that from a set S of compact objects of a triangulated category T> with small coprod- 
ucts one can produce in a natural way an interesting i-structure £5. For example, in [4j Theorem III. 2. 3], 
it is proved that if J^s is the full subcategory of I? formed by those objects Y such that Homx>(£™S', Y) = 
for each n > and each S £ S, then 3^s is the right aisle of a i-structure. In fact, this can be deduced 
from [TJ Theorem A.l]. For the convenience of the reader we will include here the statement and the 
proof of that theorem: 

Theorem 12.1. Let T> be a triangulated category with small coproducts, and let S be a set of compact 
objects of T>. Then: 

1) the smallest full subcategory Susp.p(<S) of T> containing S and closed under extensions, positive 
shifts and small coproducts is a left aisle, 

2) every object X of Susp-p(iS) fits in a triangle 

]J Xi ->■ X -> ]J EA* -> ]J EA, 

where Xi is an i-fold extension of small coproducts of non negative shifts of objects of S. 
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Proof. Let M be an object of T>, and let us consider an approximation 

P -> M 

of M with respect to the full subcategory of T> formed by the small coproducts of non negative shifts of 
objects of S. Let us consider a triangle 

P 4 M 4 Y -> EP 

and a new approximation 

with respect to the same subcategory. By iterating this procedure we get a diagram of the form 

M -EU. Yo -^Y 1 

fo 



Po P 



This diagram yields a diagram 




P) — Xq 



in which every column is a triangle. The octahedron axiom implies that each Xi is an i-fold extension 
of small coproducts of non negative shifts of objects of S. Now, by using [31 Proposition 1.1.11] (i.e. , 
Verdier's 3x3 lemma) we get a diagram 



Ui> M — 

1 -shift 

LL>o^ — 



M 



LL>o Yi *■ LIi>o 

1- shift 
Oi>0 Y i LL>0 



Icolim Y; 



X' 



^~EM 



S IL> M E IL>o Y „ E U,> SX t * E 2 LU M 

where the columns and rows are triangles. It is clear that Y,~ 1 X' G Susp x ,(5). On the other hand, for 
each S £ S and each n > we have 

Hom^E"^, McolimFj) = colim. ieN Hom p (E Tl ^, Y t ) = 

because the induced morphisms 

Hom p (E"5,y 4 ) ->■ Hom D (£ n S,Y i+1 ) 
vanish. ^/ 

Of course, one would like to express the objects of the left aisle of is in terms of the objects of S, for 
instance as a kind of colimit. In [U Proposition III. 2. 6] it is proved that this is the case when S satisfies 
a certain vanishing condition. Here we give an alternative proof of this result: 

2:) 



Theorem 12.2. Let T> be a triangulated category with small coproducts, and let S be a set of compact 
objects in T> such that 

Hom v {S,T, n S') =0 

for all S,S' £ S and each n > 1. Then every object o/Suspp(5) is the Milnor colimit of a sequence 
Xq — > X\ — > X2 — > ■ ■ ■ where Xi is an i-fold extension of small coproducts of non negative shifts of 
objects of S. 

Proof. Given MgPwe will inductively construct a commutative diagram 

— — *X g J±+... ,q>0 

7T1 

M 

such that: 

a) Xi is an i-fold extension of small coproducts of non negative shifts of objects of 5, 

b) TTi induces a surjection 

Trf : Homx,(S n S,X t ) -> Hom z ,(S"S', M) 

for each S £ S , n > 0. 
For i = we take Xq = \\ SeS U„>o IlHomx>(£™s M) an d the obvious morphism 

7T : Xq -> ill. 

Suppose for some z > we have constructed Xi and 7Tj. Consider the triangle 

d ^ X, ^ M -> SCi 

induced by 7Ti. Consider = Us e ,s U„>o LlHom I3 (E'«s c ; ) and the obvious morphism 

Pi ■ Z{ — > C'i. 

The triangle 

Zi — > Xi — > Xi + i — > YiZi 

defines Xi + \ up to non unique isomorphism. Note that the surjectivity required for tt!^ +1 comes from the 
surjectivity of 7rf. 

Define Xoo to be the Milnor colimit of the sequence fi, i > 0: 

IX >o X i a> LL>0 X i > X oo *- s LL>0 X i- 

Consider the morphism 

0= [ TTq 7T1 ... ] :]]_X t ^M. 

i>0 

Since 7Tj+i/j = 7T, for every i > 0, we have 0(1 — a) — 0, and so we obtain a morphism it^, : X^ — > M 
such that TToo^ = 9. If we prove that induces an isomorphism 

tt* : Homi,(X! n S, JToo) 4 Hom c (£ ri S, M) 

for every S £ S , n > 0, then we have 

Hom x ,(I]"5,Cone(7r 00 )) = 
for every S £ S , n > 1. For the case n = 0, let us consider the exact sequence 

Homx)(5, Xqc) 4 Homx>(5, M) -> Hom^S", Cone(7r oc )) -> Homx^S, II-X^) 
Since 5* is compact, there exists a short exact sequence 

]J Hom p (5, EX t ) -> Horrv^S, -> ]J Hom D (S, E 2 X,) 

t>0 i>0 

^From the hypothesis on the set S and the construction of the objects Xi we can deduce that both the 
left and the right hand side of the former sequence vanish, and so Homu(5, HX^) = 0. Therefore, then 
we would have 

Hom x ,(I]™5,Cone(7r 00 )) =0 
for every S £ S , n > 0. This, by infinite devissage, implies that 

Horri£>(iV, Cone(7r 00 )) = 
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for each N € Susp(S). Hence, we have proved that Susp x ,(5) is an aisle in V. 

Let us prove the required bijectivity for n^. The surjectivity follows from the identity ir^ip^ — A 
and the fact that 9 A is surjective (thanks to the surjectivity of the tt a , i > and the compactness of 
the S € S). Now consider the commutative diagram 

U i>0 Ho m2 ,(E"5, X) ( ±X U 2 > Hoim,(E n S, X,) Hom v (X n S, I M ) 



Homx>(£ n S,M) 

The map ip A is surjective since the map 

(E(l - cr)) A : ]J Hom 2 >(E n S' ) EX.) -> ]J Hom 2J (E n S , J EX) 

j>0 i>0 

is injective. If we prove that the kernel of 9 A is contained in the image of (1 — cr) A , then we obtain the 
injectivity of tt^ by an easy diagram chase. Let 

9 = [ .90 9i ... ]* :E"5^]JX 

i>0 

be such that 

[ 7r 7Ti . . . ] [ 50 9i ■ ■ • ] = "offo + tti.91 H = 0. 

Notice that there exists an s > such that g s +i = g s +2 = ■ ■ • = 0. Then 

Toffo H 1- K s g s = 



implies 

and so the morphism 
factors through a s : 



• • • /o3o + /s-l • • • !i9i H r- fla) = 

/s-l ■ • ■ /offO + /s-l ■ • ■ /lffl H 1" 5a 



/ s _i . . . /offo + / s -i • • • /lffi H h ffa = a s 7s : ^ n S -> Cs -> X s . 

By construction of Z a we have that "f s factors through fi s , and so 

/s-l • • • /o.9o + /s-l • • • f\9\ H \-g s = Q!s/3s6- 

This implies 

/s • ■ • /o.9o + /s • • • /i5i H h /sffs = /s^sPst-, = 0, 

since f s a s f3 s = by construction of f s . Therefore, the morphism 

h : E"5 -> ]J X, 

4 >o 

with non-vanishing components 

E™5 -> X r -> JJ X 

i>0 

induced by 

9r~\ h /r-i • • • /lfli + /r-i • • • /o5o : S n 5 -> X r 

with < r < s, satisfies ip A (h) = g. 

In practice, every triangulated category is at the basis of a triangulated derivator (see [10]). If we 
assume that our triangulated category T> satisfies this property, we can use Appendix 1 to get rid of the 
extra hypothesis on the set S of compact objects, to simplify the proof of Theorem 112.21 and to enhance 
the proof of Theorem 1 12. II 

Theorem 12.3. LetO be a triangulated derivator, and let S be a set of compact objects of 13(e). Then: 

1) the smallest full subcategory Suspjj( e )(5) o/ 18(e) containing S and closed under extensions, pos- 
itive shifts and small coproducts is a left aisle, 

2) every object of Susp D ( e )(iS) is the Milnor colimit of a sequence Xq — > X\ — > Xi — > . . . where X, 
is an i-fold extension of small coproducts of non negative shifts of objects of S. 
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Proof. The proof starts as the one of Theorer dl2.ll Thus, starting from an object M of D(e) we produce 
a diagram of the form 




in which every column is a triangle, each Xi is an i-fold extension of small coproducts of non negative 
shifts of objects of S and 

Hom D(e) (S"S', Mcolimy,) = 

for each S £ S and each n > 0. Let us regard the rows of this diagram as objects X , M and Y of the 
category Hom(N, 15(e)) of presheaves. Thanks to Corollary 1 1 1 .41 we know that there exists a triangle 

McolimX' -> M -> McolimF -> £ Mcolim A"', 

where X' E Hom (N,ID(e)) is such that X[ = Xi for each i > 0. In particular, X[ G Susp D ( e )(<S) for all 
i > 0, which implies that McolimX' <G Susp D ( e ) (S). s/ 
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